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State space model technische universitat

(Vi )tepo,m) State process voltage values at N nodes,
(Zt)tc(0,m) Observed process of power values at N nodes.
General model:

‘/t:(e?;[?ff7-..76§\f7f;\/')—r — @v‘/t—l_l_@xxt_I_Ez)? Ez)NN(OZJ\”Zx)
Z, = W)+ B, B ~N(0o, )

where 6, ¢ R2Vx2N @, c R2VXP effect of D explanatory variables,
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(Vi )tepo,m) State process voltage values at N nodes,
(Zt)tc(0,m) Observed process of power values at N nodes.
General model:

= (el fl . e, ) = O,Vii1 4+ 0,2+ EY, EY ~N(0an,%%)
Zy = h(V,)+E?, E? ~N(0yn,%%)

where 6, ¢ R2Vx2N @, c R2VXP effect of D explanatory variables,

h(V;) = (Re(S7),Im(S]), ..., Re(Sy), Im(Sy)) " € R*Y

with
Sy = PhA Q= (e +7- fh) - 00 (eh + - f1)*
ank (n, k)'th component of known admittance matrix A,
j imaginary unit, z* complex conjugate of z € C, e}y, =1, fi,; =0.
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DeS|gn prOblem technische universitat

dortmund

Design problem:

‘/t:(e?[)ffao..yeijg\ﬁfjt\f)—r @v‘/t—1+@xﬂjt—|—E7;U7 EZ)NN(OQJ\“zv)
Zi = h(R)+E;, Bf ~N(0an,X%)

Optimal designs for the Kalman filter — p.3



Design problem
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Design problem:

-
Vi = (e1, fi,-- - en, fN)

Ly

_di 2 2 2
> =diag(oy,o1,...,0%,0%

with d = (51, .. .,5N),

@’U‘/t—l + @:th + E;ﬁva Ez} ~ N(OQNa ZU)
h(‘/t) + Etz, Ef ~ N(OQN, ZZ)

) = 2(d) = diag(X, & 5 )

' ON N

8, = = precision of the measurements at node n.
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DGSlgn prOblem technische universitat
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Design problem:

%:(eivffv“'ae?\hff\f)—r = O,Vi_1 + 0,2 + EY, E;)NN(OQN,ZU)
L = h(‘/t)—l—Etz, EfNN(OQN,ZZ)
27 = di&g(a%,a%, e 70]2V7U]2V) =X(d) = dlaQ(%? %7 cey %7 %)

with d = (51, ceey 5N)1
8, = = precision of the measurements at node n.

Design region: A, = {d € [0, ¢]V; ij on < c}.
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DGSlgn prOblem technische universitat

dortmund

Design problem:

%:(eivffv“'ae?\hff\f)—r = O,Vi_1 + 0,2 + EY, E;)NN(OQN,ZU)
L = h(‘/;g)+EtZ, EfNN(OQN,Zz)
27 = di&g(a%,a%, e 70]2V7U]2V) =X(d) = dlaQ(%? %7 cey ﬁ? %)

with d = (51, ceey 5N)1
8, = = precision of the measurements at node n.

Design region: A, = {d € [0, ¢]V; ij on < c}.
Optimal design:
d. € argmin{C(d); d € A.},

where C(d) is design criterion from Kalman filter depending on X(d).
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Kalman fllter technische universitat

dortmund

‘/; — @U‘/;ﬁ—l + @a;.flft + Ef? Eg) ~ N(02N7 E’U)’
Zy =h(Vy)+ E7, Ef ~ N(OQN, Y(d)).
a) Prediction of Vi|z1.4-1 ~ N (as, Ry)
at — @’Uct—l —+ @xZCt, Rt = @UCt_l@,I + Y =: Cl’t(d).

b) Pl‘ediC’[ion Of Zt’lezt—l ~ N(bt, St)
by = h(ay), Sy~ b (a))Ry W (ap) " 4+ 2(d) =: Oy 4(d).

c) Update/Estimation of Vi|z1.; ~ N (¢, Cy)
C+ — Q¢ + Rt h’(at)TSt_l(zt — h(&t)),
Ct = Rt — Rt h/(CLt)TSt_lhl(CLt)Rt =. Cg)t(d).
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Kalman filter technische universit

V% — @U‘/;ﬁ—l + @a;.flft + Ef? Eg) ~ N(02N7 E’U)’
Zy =h(Vy)+ E7, Ef ~ N(OQN, Y(d)).
a) Prediction of Vi|z1.4-1 ~ N (as, Ry)
at — @’Uct—l —+ @xZCt, Rt = @UCt_l@,I + Y =: Ol’t(d).

b) Pl‘ediC’[ion Of Ztlzl;t_l ~ N(bt, St)
by = h(ay), Sy~ b (a))Ry W (ap) " 4+ 2(d) =: Oy 4(d).

c) Update/Estimation of Vi|z1.; ~ N (¢, Cy)
C+ — Q¢ + Rt h’(at)TSt_l(zt — h(&t)),
Ct = Rt — Rt h’(at)TSt_lh’(at)Rt =. Cg)t(d).

Coi(d) = W (ag)[Re + B (a)"1S(d) b (ag)~ '] B (ar) ',
Cg,t(d) — Rt — Rt[Rt + h’(at)_lz(d) h’(at)_T]_l Rt,
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Kalman filter technische universit

‘/t — @v‘/;ﬁ—l + @a:xt + E,;Ua Ef ~ N(OQN,EU),
Zy =h(Vy)+ E7, Ef ~ N(OQN, Y(d)).

a) Prediction of Vi|z1.4-1 ~ N (as, Ry)
at — @’Uct—l —+ @xZCt, Rt = @UCt_l@,I + Y =: Ol’t(d).

b) Pl‘ediC’[ion Of Ztlzl;t_l ~ N(bt, St)
by = h(ay), Sy~ b (a))Ry W (ap) " 4+ 2(d) =: Oy 4(d).

c) Update/Estimation of Vi|z1.; ~ N (¢, Cy)

C+ — Q¢ + Rt h’(at)TSt_l(zt — h(&t)),

Ct = Rt — Rt h’(at)TSt_lh’(at)Rt =. Cg)t(d).
Coi(d) = W (ag)[Re + B (a)"1S(d) b (ag)~ '] B (ar) ',
Cg,t(d) — Rt — Rt[Rt + h’(at)_lz(d) h’(at)_T]_l Rt,

— Co.e(d) := I (ar)~'S(d) B (ar)~ 7.
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Design criteria for Kalman filter technische universitat
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(d) == h'(a¢) "' S(d) B/ (a) " ",
(d) = R, = Ry(d) = ©,C5,_1(d)®] + X (Cov for voltage prediction),
Co.(d) = W (a)[Re(d) + Co(d)] W (as)" (Cov for power prediction),
(d)

= [Co.(d)~1 + Ry(d)~1]~1 (cov for voltage estimation).
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Design criteria for Kalman filter technische universitat

dortmund

(d) := W (ap) "' S(d) W (ar)~ ",
(d) = R, = Ry(d) = ©,C5,_1(d)®] + X (Cov for voltage prediction),
Co.(d) = W (a)[Re(d) + Co(d)] W (as)" (Cov for power prediction),
(d)

= [Coi(d)~t + Ry(d)~t~t (cov for voltage estimation).

Theorem 1
Co.+ minimized Vt = C 4, Ca ¢, C3, minimized V¢ (in LOwner ordering).
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Design criteria for Kalman filter technische universitat

dortmund

(d) := W (ap) "' S(d) W (ar)~ ",
(d) = R, = Ry(d) = ©,C5,_1(d)®] + X (Cov for voltage prediction),
Co.(d) = W (a)[Re(d) + Co(d)] W (as)" (Cov for power prediction),
(d)

= [Coi(d)~t + Ry(d)~t~t (cov for voltage estimation).

Theorem 1
Co.+ minimized Vt = C 4, Ca ¢, C3, minimized V¢ (in LOwner ordering).

Theorem 2
di == (%,..., %) € argmin{det(Co(d); d € A.}.
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Design criteria for Kalman filter technische universitat

dortmund

(d) = h'(ar) " %(d) W (a)~ ",
(d) = Ry = Ry(d) = ©,C3,; 1(d)®, +X¥ (cov for voltage prediction),
Co.(d) = h'(ag)[Ri(d) + Co(d)] h'(az) " (Cov for power prediction),
C3,1(d) = Ry(d) — Ry(d)[Ry(d) + Co(d)] ™" Ry(d)

'+ R,(d)~']~" (cov for voltage estimation).

Theorem 1
Co.+ minimized Vt = C 4, Ca ¢, C3, minimized V¢ (in LOwner ordering).

Theorem 2

di == (%,..., %) € argmin{det(Co(d); d € A.}.

What about
tr(Co .t (d), tr(C1 ¢(d), tr(Ca ¢(d), tr(Cs.+(d),
det(Cy (d), det(Ca.¢(d), det(Cs (d)?
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Star nEtwork ’é%crf;rr:]lirc]ge universitat

Cor(d) = h(a)"'S(d) k' (a)~ T,
Cold) == ' (v)~15(d) B (v)~T.
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Star netWOI'k ’(tjeocrf;rr;]ljﬁge universitat

Coi(d) = h(a) 12(d) W (as)~ T,
Co(d) := B (0)"13(d) ' (v) T
1
( A1 Ogx2 ... O2x2 \
Oh 0 A 0
h/(v) — h,(el,fl,---,eN,fN):a— _ 2X2 22 2X2
v
\ O2x2  O2x2 Aqg )
nn 26n—1 2nnn_bnn
Ann — g ( ) f I y Ann — Gnn _I_]bnn
_bnn (2 €n — 1) _2 fn bnn — Jnn -
2 12 2
L w(ATATT) = Y ith g2 = B o DT HASFL
|G |2 (2en — 1)
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A-optimal designs for star network technische universitt

Cold) = W (0) " 5(d) W (0) 7T, wf 1= Bl Gt =1, N,

Theorem 3. For the fixed reference state v = (eq, f1,...,en, fn) ', we get

do = dg oy = (07,...,0%) € argmin{tr(Cy(d); d € A.}
- « _ || SN w
with é = 02* = o > et @.
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A-optimal designs for star network technische universitt

Cold) = (o) () W (0) T, wf, o= G b n =1, N,

Theorem 3. For the fixed reference state v = (eq, f1,...,en, fn) ', we get

do = dg oy = (07, ...,0n) € argmin{tr(Cy(d); d € A.}
: * |an_n| N w
W|th é :O-T2L = mzkzl @.

Eg. w,=2ife, =1, f,=0,forn=1,..., N.
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A-optimal designs for star network technische universitat
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Co(d) := h/(aF)~"38(d) b (af)~ T,
C3,:(d) = Ry(d) — Ri(d)[R(d) + Co¢(d)]~" Re(d)
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A-optimal designs for star network technische universitat

dortmund

Co(d) := ' (af) "' 2(d) W' (ag)~ ',

C3,:(d) = Ry(d) — Ri(d)[R(d) + Co¢(d)]~" Re(d)
Theorem 4. Assume e’ =1, f* =0,

R¢(d) = R = Diag(A1ll5x2, ..., ANn12x2), SO that
63(d) = R — R[R + Co(d)]_l R

Letc > (maxkzl ..... N Akmﬂ) Dot o]~ ket ATl

d. = (6],...,0%) € argmin{tr(C3(d)); d € A.}
<~
N
. ‘e C+ Zk:zl M |;kk|2 1 1
o = 6 ~ — 5
Zkzl |ai | |ann| n |ann|

xC __ _ 1 N 1 N1
b) (Sn —O</:>C— )\n|ann| Zk:1 |aﬂ| Zk:l AL |%|2'

5:0 |ann|

C) limc_mw = o foralln,k=1,..., N.
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D-optimal designs for star network technische universitat
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Co(d) = W(ai)~'3(d) W' (az)~ ",

C3,1(d) = Ry(d) — Ry(d)[Ry(d) + Co(d)] ™" Ry(d)
Theorem 5. Assume e’ =1, f* =0,

R¢(d) = R = Diag(A1ll5x2, ..., ANn12x2), SO that
63(d) = R — R[R + Co(d)]_l R

N N 1
Lete> (maxim, . s ) — S e

a) _
d. = (67,...,0n) € argmin{det(C3(d)); d € A.}
<
N
1 1 1
o, = 0= —|c+ — :
N < ,;1 akk%c) |@nn|? A

xc _ _ N N\ 1
b) 6n =0 <= c= [annlZ An Ek:l [ark|? Ak

C) lim. o 6;¢/% =1foralln=1,...,N.
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Example and SlmUIat|On technische universitat

dortmund

1 2 3

a1 = 30 — 510, agy = 260 — 5100, asz = 820 — 5310.

=

—_— [T aza] Tasal _
do = tr(%)‘(z;’; g Temal o Tesl >—(O.87,0.10,0.03),

1 Jagg] k=1 lajy] k=1 lapgl

).

Wl
Wl

Y

dy = dfiet(co) — (%,
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Example and SlmUIaUOI’] technische universitat

dortmund

1 2 3

a1 = 30 — 510, agy = 260 — 5100, asz = 820 — 5310.

1 1 1
a1 | a2z la33 ]
= d; = = (0.87,0.10,0.03
do dtr(CO) ( et Tl P e B a;k> ( 7 7 )

di = daey(cy) = (3:33)
Simulation model for (65,63, 03) = do or (47, 95,05) = di:

Vi=Vie1+09 (vo — Vier) + EY, EY ~Ns(06,0.1 Igx6), Z¢ = h(V})+ Ef,
E7 ~ Ng (06, diag ((67)7%, (67) 71, (05) 71, (65) 71, (65) 71, (65)71)) -
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Simulation
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Co.t(d) := 1 (a;)"'3(d) W (ay)~ 1, dy € argmin{tr(Co(d); d € A.}

c=1, p—value=4.0e-18

0.007
|

— d;

— dy

trCo(d)
0.005

0.003
|

I I I I I I
0 20 40 60 80 100

Time t

Complete similar result for tr(C5 ¢ (d)) and very similar result for tr(C1 .(d)).
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Simulation
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trCZt(d)

trace difference

Cy.+(d) (Cov for power prediction), dy € arg min{tr(Cy(d); d € A.}

200000

140000

200

-200

c=1, p—value=1.2e-04

— d,
— dO
| | | | |
20 40 60 80 100
Time t
trCo(d) —trCx(do)
| | | | |
20 40 60 80 100
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dy € argmin{tr(Cy(d); d € A.}, di € argmin{det(Cy(d); d € A.}
Median differences tr(C; +(dy1)) — tr(C; +(do))

c tr(Coe(d)) tr(Cre(d)) tr(Car(d)) tr(Cs4(d))
1e+03 4.4e-06 4.3e-08 -0.33 4.4e-06
(4.0e-18) (5.8e-18) (0.72) (4.0e-18)
1le+01 4.4e-04  4.30e-06 -9.60 4.3e-04
(4.0e-18) (5.8e-18) (0.30) (4.0e-18)
1e+00 4.4e-03 4.14e-05 -0.77 4.1e-03
(4.0e-18) (5.8e-18) (1.2e-04) (4.0e-18)
1e-03 4.52 -1.1e-03  -6.7e+04 -0.11
(4.0e-18) (5.8e-18) (4.0e-18) (4.0e-18)
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dy € argmin{tr(Cy(d); d € A.}, di € argmin{det(Cy(d); d € A.}
Median differences tr(C; +(dy1)) — tr(C; +(do))

c tr(Coe(d)) tr(Cre(d)) tr(Car(d)) tr(Cs4(d))
1e+03 4.4e-06 4.3e-08 -0.33 4.4e-06
(4.0e-18) (5.8e-18) (0.72) (4.0e-18)
1le+01 4.4e-04  4.30e-06 -9.60 4.3e-04
(4.0e-18) (5.8e-18) (0.30) (4.0e-18)
1e+00 4.4e-03 4.14e-05 -0.77 4.1e-03
(4.0e-18) (5.8e-18) (1.2e-04) (4.0e-18)
1e-03 4.52 -1.1e-03  -6.7e+04 -0.11
(4.0e-18) (5.8e-18) (4.0e-18) (4.0e-18)

Recall Oy (d) := B (a;) Ry(d) b’ (ag) T + 3(d).
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dy € argmin{tr(Cy(d); d € A.}, di € argmin{det(Cy(d); d € A.}

Median differences Indet(C; +(d1)) — Indet(C; +(dyp))

¢ Indet(Co(d)) Indet(Chi(d)) Indet(Cay(d)) Indet(Cs(d))

1e+03 5.24 4.3e-07 4.1e-05 5.24
(4.0e-18) (5.8e-18) (6.0e-02) (4.0e-18)
1e+01 5.24 4.3e-05 4.4e-03 -5.25
(4.0e-18) (5.8e-18) (5.0e-14) (4.0e-18)
1e+00 5.24 4.1e-04 4.2¢-02 -5.28
(4.0e-18) (5.8e-18) (4.1e-18) (4.0e-18)
1e-03 -5.30 -1.1e-02 3.6e-03 -5.26
(4.0e-18) (5.8e-18) (0.45) (4.0e-18)
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Wilcoxon test applied although the independence of differences is not
clear.
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Wilcoxon test applied although the independence of differences is not
clear.

However, the Ljung-Box test provides
minimum p-values of 0.07 and a mean p-value of 0.68 for lag 1,
minimum p-value of 0.08 and a mean p-value of 0.72 for lag 10.
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Similar results for:

o Vi=Vi_1+ @v(UO — Vt—l) T Etv
with vo as above and ©, is a block diagonal matrix of 2 x 2 blocks,
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Similar results for:

o Vi=Vi_1+ @v(UO — ‘/;5—1) T Etv
with vo as above and ©, is a block diagonal matrix of 2 x 2 blocks,

o Vi =09Vi1+ EY,

oV, =0,V 1+ EY,
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Conclusion:

complete similar behaviour of det(Cy ¢(d)) and det(Cs +(d)),

similar behaviour of tr(Cy ,(d)) and tr(Cs +(d)) except for small c.

Optimal designs for the Kalman filter — p.16



technische universitat

SImU|atIOﬂ dortmund

Conclusion:

complete similar behaviour of det(Cy ¢(d)) and det(Cs +(d)),

similar behaviour of tr(Cy ,(d)) and tr(Cs +(d)) except for small c.

Why the different behaviour of tr(Cs ;(d)) for very small ¢?
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Why the different behaviour of tr(Cs .(d)) for very small ¢?

A possible explanation can be Theorems 4 and 5:

Proportions of A- and D- optimal design for Cy(d) and C3(d) denoted by
CO and Ca3:

trco trc3 detCO detC3

PN®

00 02 04 06 08 10 12

A c=1, B: ¢c=0.0199, C: c=0.0014
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Simulation for series connection technische universitét

1 2 3 4 5

A=
( 1.47 —3.73¢ —1.47+3.73¢  0.00 + 0.001 0.00 + 0.00¢  0.00 + 0.00¢ \
—1.47+3.72i 528 —4.92i  —3.81+1.20i  0.00+0.00i  0.00 + 0.00¢
0.00 +0.00i —3.81+4+1.20i 5.20—1.63;  —1.39+0.44;  0.00 + 0.00:
0.00 +0.00;  0.0040.00: —1.39+40.434i 3.07 —0.96; —1.68 4 0.53i
\ 0.00 +0.00;  0.00 + 0.003 0.00 +0.00i  —1.68 4+ 0.53i  1.68 — 0.534 )
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Simulation for series connection technische universitét

3 4 5

1 2
A=
[ 147373 —147+3.73  0.00+0.00i  0.00+0.00i  0.00+ 0.00: \
—1.47+3.72¢  5.28 — 4.92% —3.81 + 1.202 0.00 + 0.002 0.00 + 0.00¢
0.00 +0.00c  —3.81 + 1.20¢ 5.20 — 1.632 —1.3940.44:  0.00 + 0.002
0.00 + 0.00¢ 0.00 +0.00¢ —1.39+0.434: 3.07 —0.96¢: —1.68 4 0.532
\ 0.00 + 0.00¢ 0.00 + 0.00¢ 0.00 4+ 0.00¢ —1.68 +0.53:  1.68 —0.532 )

1 p—
{(0.7, 0.1, 0.1, 0.1), (0.1, 0.7, 0.1, 0.1), (0.1, 0.1, 0.7, 0.1), (0.1, 0.1, 0.1, 0.7)}

do = (0.7, 0.1, 0.1, 0.1) = arg min{tr(Co(d), d € A}
di = (0.1, 0.1, 0.1, 0.7) = argmax{tr(Co(d), d € Ay}
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technische universitat

Simulation for series connection dortmund

A =
{(0.7, 0.1, 0.1, 0.1), (0.1, 0.7, 0.1, 0.1), (0.1, 0.1, 0.7, 0.1), (0.1, 0.1, 0.1, 0.7)}

do = (0.7, 0.1, 0.1, 0.1) = arg min{tr(Co(d), d € A}
d; = (0.1, 0.1, 0.1, 0.7) = arg max{tr(Co(d), d € A}

Simulation model for (65, 63,03,0%,0%) = do or (67,65,65,05) = di:

Vi=Vie1+09 (vo = V1) + EY, EY ~Ng(08,0.105x5), Zy =h(Vi) + E7,
E? ~
NS (Og,diag ((5T)_17 (5>1k)_17 (55)_17 (55)_17 (5§)_17 (5§)_17 (52)_17 (52)_1)) :
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do = (0.7, 0.1, 0.1, 0.1) = argmin{tr(Cy(d), d € Ay}
di = (0.1, 0.1, 0.1, 0.7) = argmax{tr(Co(d), d € Ay}
Median differences tr(C; +(dy1)) — tr(C +(do))

c tr(Coe(d)) tr(Cre(d)) tr(Car(d)) tr(Cs4(d))
1e+02 1.41 -7.5e-05 -0.34 -0.01
(4.0e-18) (5.8e-18) (7.8e-18) (4.0e-18)
1e+00 1.2e+02  2.1e-05 0.07 0.002
(4.3e-18) (4.5e-13) (2.3e-05) (2.8e-13)
le-01 1.2e+03 1.3e-04 0.03 0.01
(4.0e-18) (5.8e-18) (4.0e-04) (4.0e-18)
1le-03 1.2e+05  2.0e-06 0.002 0.0002
(4.0e-18) (5.8e-18) (9.3e-02) (4.0e-18)
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do = (0.7, 0.1, 0.1, 0.1) = argmin{tr(Cy(d), d € Ay}
di = (0.1, 0.1, 0.1, 0.7) = argmax{tr(Co(d), d € Ay}
Median differences tr(C; +(dy1)) — tr(C +(do))

c tr(Coe(d)) tr(Cre(d)) tr(Car(d)) tr(Cs4(d))
1e+02 1.41 -7.5e-05 -0.34 -0.01
(4.0e-18) (5.8e-18) (7.8e-18) (4.0e-18)
1e+00 1.2e+02  2.1e-05 0.07 0.002
(4.3e-18) (4.5e-13) (2.3e-05) (2.8e-13)
le-01 1.2e+03 1.3e-04 0.03 0.01
(4.0e-18) (5.8e-18) (4.0e-04) (4.0e-18)
1le-03 1.2e+05  2.0e-06 0.002 0.0002
(4.0e-18) (5.8e-18) (9.3e-02) (4.0e-18)

Recall Cy ;(d) := h'(ar) Re(d) W (as) T + 2(d).
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Simplified criterion: Co ¢(d) := h'(as)~13(d) h/(as) ™71,
do € argmin{tr(Cy(d)); d € A}, d;i € argmin{det(Cy(d)); d € A}

Star network:

Covariance of voltage prediction C; ,(d)
Covariance of power prediction Cs +(d)
Covariance of voltage estimation Cs ;(d)

Better
tr | det
do | do
dy | dy
do | dq
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Simplified criterion: Co ¢(d) := h'(as)~13(d) h/(as) ™71,
do € argmin{tr(Cy(d)); d € A}, d;i € argmin{det(Cy(d)); d € A}
Star network:

Better

tr | det
Covariance of voltage prediction C; ,(d) | do | do

Covariance of power prediction Cs +(d) | di | do

Covariance of voltage estimation Cs ¢(d) | do | di

Open Problem

Does these results for the star network and a simple model transfer to
more general networks and models?

What are A-optimal designs for series connections?

Is Cy(d) or Cy (d) always a good criterion for sensor allocation?
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